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ABSTRACT
The detection properties of CR-39 were investigated for protons, deuterons, and tritons of various energies. Two models for the rela-
tionship between the track diameter and particle energy are presented and demonstrated to match experimental data for all three
species. Data demonstrate that CR-39 has 100% efficiency for protons between 1 MeV and 4 MeV, deuterons between 1 MeV
and 12.2 MeV, and tritons between 1 MeV and 10 MeV. The true upper bounds for deuterons and tritons exceed what could
be measured in data. Simulations were developed to further explore the properties of CR-39 and suggest that the diameter–energy
relationship of alpha particles cannot be captured by the conventional c-parameter model. These findings provide confidence in
CR-39 track diameter based spectroscopy of all three species and provide invaluable insight for designing filtering for all CR-39 based
diagnostics.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0004129., s

I. INTRODUCTION

The field of inertial confinement fusion (ICF) has relied heavily
on solid-state nuclear track detectors made from CR-39 for sev-
eral decades to provide counting, spectroscopy, and imaging of both
neutrons and charged particles.1–22 This is due, in part, to CR-39’s
complete insensitivity to electromagnetic pulses (EMPs) and near-
complete insensitivity to x rays,23,24 both of which are widely present
in these environments. Additionally, CR-39 detectors have 100%
detection efficiency for ions over wide energy ranges.5

While diagnostics based on CR-39 detectors such as the mag-
netic recoil spectrometers (MRSs),8 charged particle spectrom-
eters (CPSs),5 and wedge range filters (WRFs)5,12 all routinely
measure multiple different charged particle species, most detailed
response studies have been limited to neutron or proton measure-
ments.4,5,23,25–28 Recently, there has been much interest in experi-
ments involving the T3He fusion reaction,5

T + 3He→
⎧⎪⎪⎨⎪⎪⎩

4He + n + p + 12.1 MeV
4He (4.8 MeV) + D (9.5 MeV).

(1)

In particular, there has been interest in precise measurements
of the 9.5 MeV deuteron in a variety of contexts. Examples include
using them to characterize stellar-nuclear plasma platforms29–31 and
using them as a backlight to other experiments.32 Additionally, there
has been a recent renewed interest in the measurement of “knock-
ons” from secondary reactions to measure and image fuel areal
density in layered DT implosions.33 These reactions are5

n (14.1 MeV) + D→ n′ + D (≤ 12.5 MeV), (2a)

n (14.1 MeV) + T→ n′ + T(≤ 10.6 MeV). (2b)

To accurately infer a spectrum from non-magnetic based
CR-39 spectrometers such as the WRFs and step range filters
(SRFs),17 the analysis relies heavily on a detailed understanding of
the CR-39 response. Currently, these detectors use response curves
derived from proton data whenever the need arises.

For these reasons, documenting CR-39’s response to charged
particles (in particular, deuterons and tritons) is of great interest to
the ICF community. A thorough understanding of the response pro-
vides additional confidence in both past and future measurements
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and provides important information for detector configurations in
future experiments.

II. CHARGED PARTICLE DETECTION WITH CR-39
CR-39 is a clear plastic material with the chemical composi-

tion C12H18O7 and mass density roughly equal to 1.3 g/cm3. When
charged particles range through CR-39, they leave localized trails
of damage in the material’s molecular structure along the parti-
cle’s path. If the CR-39 is subsequently etched in a bath of NaOH
under specific conditions, the trails of damage will etch away signifi-
cantly faster than the bulk material creating micrometer sized pits or
“tracks” on the CR-39 surface.5,34 So, as long as the bulk material is
not etched beyond the end of this trail, the diameter of these tracks
increases monotonically with the etch time (τE) and the local stop-
ping power (dE/dx) of the particle. The dependence of dE/dx can be
accurately modeled by the Bethe equation,35

dE
dx
∝ Z2A

E
log(Ĩ E

A
), (3)

where E, Z, and A are the particle’s energy, charge, and mass, respec-
tively, and Ĩ is a constant related to the ionization potential of CR-39.
The log term (often referred to as the Column logarithm) is relatively
constant at high energies (>0.5 MeV/amu) but changes rapidly for
lower energies. This dependence is plotted in Fig. 1. Because of these
dependencies, the resultant track diameters are also a function of the
particle’s mass and incident energy.

As seen in Fig. 1, dE/dx reaches a maximum and quickly plum-
mets to zero at lower energies. This maximum results in an analo-
gous maximum diameter (Dmax) that depends on the particle species

FIG. 1. Stopping power of particles in CR-39 as calculated by SRIM.36 For suffi-
ciently high energies, the stopping power depends only on the ratio E/Z2A, and for
a fixed Z, the entirety of the stopping power depends only on the ratio E/A.35 At
lower energies, the exact behavior of the stopping power depends on higher order
terms of Z resulting in the deviations seen above.37 When approaching from higher
energies, the stopping power curves rapidly plummet after reaching a maximum
(often referred to as the Bragg peak38).

FIG. 2. Example microscope image from a piece of CR-39 exposed to 3.0 MeV
protons from the MIT-HEDP Accelerator Facility.39 Tracks vary in diameter and
contrasts in accordance to the energy of the originating protons. Some small-faint
tracks are intrinsic defects in the CR-39 that are ignored or subtracted in analysis.
These data are from the accelerator shot named A2019121201.

and etch conditions of the CR-39. In practice, Dmax serves as a use-
ful reference point in several analyses, used specifically to scale and
account for differences in τE and CR-39 properties. The energy at
which Dmax occurs [E(Dmax)] is a few times higher than where dE/dx
is maximized. This is because a particle will lose the entirety of its
energy approximately when dE/dx is maximized, which, in turn,
truncates the track development. The exact details of this energy and
how it varies for different species are discussed in Sec. IV.

Tracks are ultimately measured using an optical microscope
where they appear as darkened circles on the surface. This is because
the CR-39 bulk surface is perpendicular to the backlight while the
conical track surfaces are not leading to a relative decrease in trans-
mission. An image of typical tracks is shown in Fig. 2. The amount
of light transmitted is a function of the angle the track makes relative
to the back-light.

III. DIAMETER–ENERGY RELATIONSHIP FOR IONS
IN CR-39

The etching process that creates tracks can be modeled as radi-
ally isotropic etch-wave sources being created dynamically along the
particle’s path with some track-etch velocity v⃗T . The etch waves
travel outward at speed ∣v⃗B∣. The etching of the bulk material can
be modeled as a plane wave source etching downward with the same
speed ∣v⃗B∣.

As discussed in Sec. II, the track-etch velocity is a function of
the local stopping power dE/dx of the charged particle and can be
modeled as40

∣v⃗T(E)∣ = ∣v⃗B∣
⎛
⎝

1 + k
⎛
⎝
[dE
dx
(E)]

keV
μm

⎞
⎠

n
⎞
⎠

, (4)

where v⃗B is the bulk-etch velocity, k and n are empirical calibration
constants to match observed data, and E is the energy the charged
particle had when it crossed through the point being evaluated. The
exact values of k and n vary with each piece of CR-39 due to differ-
ence in both the manufacturing and analysis processes. With this in
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place, detailed track shapes can be simulated for a variety of par-
ticle species and energies. An example of this modeling is shown
in Fig. 3.

With Eq. (4) and some simplifying assumptions, it can be
shown that the track diameter relationship as a function of energy

FIG. 3. Track evolution model used to simulate the characteristics of CR-39 tracks.
Tracks are generated by a time evolving etch source that travels through the slab
with velocity v⃗T(t) etching outward isotropically with velocity v⃗B. Additionally, a
bulk etch source is modeled as a plane wave traveling downward normal to the
CR-39 surface with the same velocity v⃗B. Figure 3(a) shows a cartoon of the cross-
sectional view of a CR-39 slab, while Fig. 3(b) shows a top-down view (as would be
seen by using a microscope). Figure 3(c) shows an example track generated from
this model. The track was generated from a 2.0 MeV proton with a 15○ incident
angle relative to the surface normal. A τE = 5h etch was modeled using ∣v⃗B∣ = 2.66
μm/h, k = 6 × 10−5, and n = 2.76. This resulted in a track with diameters Dx = 9.30
μm and Dy = 8.42 μm and a depth (H) of 3.40 μm.

can be expressed as

D(E) ∼ 2τE∣v⃗B∣
1 + k′(EMeV/Z2A)n′

, (5)

where τE is the etch time, k′ and n′ are different empirical constants,
EMeV is the energy of the particle in MeV, Z is the charge, and A is the
atomic mass number. This equation assumes that the Coulomb log-
arithm is relatively constant, which is sufficiently satisfied when the
particle range is a few factors greater than the bulk-etch depth τE∣v⃗B∣.
A more complete derivation is carried out in Appendix A. Hereafter,
this equation will be referred to as the two-parameter model.

In practice, a much more complicated set of equations pre-
sented in Appendix B (hereafter referred to as the c-parameter
model) is used for fitting proton data. It depends on a single fit
parameter (c), as well as Dmax. Unlike the two-parameter model, the
c-parameter model retains none of the mass and charge dependence
from dE/dx. This makes the two-parameter model useful from a ped-
agogical standpoint because the effects of different species are easier
to ascertain. τE∣v⃗B∣ is dictated entirely by the CR-39 etching process,

FIG. 4. Expected CR-39 track diameter vs energy for protons (red squares),
deuterons (blue diamonds), tritons (green circles), and alphas (magenta stars).
Square data points are the results from the model of the CR-39 etch process dis-
cussed in Sec. III, while the curves are fits. Figure 4(a) shows the two-parameter
model fitted to the simulated data, and Fig. 4(b) shows the more standard c-
parameter model fitted to the same simulated data. All of the data are generated
using ∣v⃗B∣ = 2.66 μm/h, τE = 5 h, k = 6 × 10−5, and n = 2.76 from Eq. (4) to
resemble typical experimental data. The fits in both Figs. 4(a) and 4(b) use values
shown in Table I.
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TABLE I. Diameter vs energy fit values to simulated data.

Simple fit c-Parameter fit

Particle 2τE∣v⃗B∣ (μm) k′ n′ Dmax (μm) c

p 26.6 0.7609 1.497 20.81 1.381
d 26.6 0.8389 1.415 22.98 1.020
t 26.6 0.8689 1.383 23.92 0.741
α 26.6 0.3938 1.676 26.35 0.146

and k′ and n′ are constant for a given piece of CR-39. The track
diameter is, therefore, strictly a function of the ratio E/(Z2A). When
compared to protons of the same energy, other particle species will
have larger diameters due to the Z2A increase in dE/dx. Figure 4
shows this simple equation for different species compared to the
more rigorous model of the etch process discussed previously for
various particles.

In Fig. 4, it is shown that both the two-parameter model and the
c-parameter model work well for the simulated proton, deuteron,
and triton data. In Table I, it is shown that the best-fit values for
k′ and n′ are similar for these three particles because most of the dif-
ferences in the diameter–energy relationships are well described by
the ratio E/(Z2A). By contrast, while the c-parameter model works
just as well, the best-fit c values drop significantly as the particle’s
mass increases.

While the two-parameter model does match the alpha-particle
data, the best-fit values for k′ and n′ are significantly different when
compared to the fits of the other three particle data. This is because
terms of higher order than Z2 are required to correctly describe the
stopping power of alpha particles at these energies, and this is not
accounted for in the derivation.37 Presumably for the same reason,
the c-parameter model fails to match the alpha data at all.

IV. ENERGY RANGE OF CHARGED PARTICLE
DETECTION IN CR-39

As discussed in Sec. II, tracks are ultimately measured using an
optical microscope system. Tracks are detectable when their angle is
sufficiently steep to limit the transmission of the back-light as gov-
erned by the Fresnel equations. A single cartoon of this is shown in
Fig. 5.

Using the model discussed in Sec. III, we can also investigate
how this angle depends on energy and particle species. If v⃗T is con-
stant, the depth of a track is simply proportional to the difference
between the etch velocities,

H = τE(∣v⃗T ∣ − ∣v⃗B∣), (6)

and the diameter is well approximated by Eq. (A5). Since v⃗T is con-
stant, the resultant track would be conical, being defined by a single
angle θ given by

tan θ = D
2H
= ∣v⃗B∣∣v⃗T ∣

. (7)

FIG. 5. Cartoon of a detectable and undetectable track in a piece of CR-39. Tracks
are detected by using an optical microscope when the track’s angle is sufficiently
steep, so as to limit the transmission of the back-light. When tracks are too shallow,
the back-light transmission through the track will be very similar to the transmission
through the bulk medium, making it effectively invisible to the camera.

Substituting Eq. (4) into Eq. (7), noting that dE/dx ∝ Z2A/E,
and rearranging terms give us the expression

E = Z2A(k′)1/n′( 1
cot θ − 1

)
1/n′

. (8)

So, if tracks become undetectable at some track angle θmax,
the corresponding upper energy bound Emax is proportional to
Z2A(k′)1/n′. This means that larger mass particles have a higher
max energy beyond which they cannot be detected. This also shows
that the exact bound is somewhat dependent on the CR-39 proper-
ties themselves, meaning that some variation would exist between
different pieces.

The lower energy bound is more difficult to ascertain analyti-
cally due to v⃗T changing dramatically through the depth of the track
and dE/dx’s complicated Z dependence.

V. EXPERIMENTAL MEASUREMENTS OF ION
TRACK PROPERTIES

Previous data have been published on the diameter–energy
relationship for protons in CR-39,27 but little research has been
performed to demonstrate that other particles follow these mod-
els. Additionally, no recent data exist for the energy range of any
particles in CR-39, which is thought to be sensitive to the exact
manufacturing process of the CR-39. It is not clear whether or
not these processes have remained consistent over the decades. In
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this section, we will present data from TasTrak® CR-3941 for pro-
tons, deuterons, and tritons, first showing CPS measurements of the
knock-on deuterons and tritons from Eqs. (2a) and (2b) and then
WRF measurements of the T3He deuterons from Eq. (1), as well as
D3He protons. Various etch times between 2 h and 5 h are shown to
represent typical data conditions.

A. Deuteron and triton measurements with CPS
CPS is used to measure charged particle spectra. This system

has a calibrated magnet that deflects particles onto a CR-39 detector.
The exact position on the detector is determined by the deflection
angle, which is a monotonic function of the particle’s energy.

We can use CPS to determine the energy–diameter relationship
of CR-39 since particle’s energies are uniquely determined by their
position on the detector. The diameters themselves are not used in
the CPS spectral analysis, so no independent measure of the source
energy is required, making CPS ideal for this study.

In any DT implosion, some fraction of the DT neutrons will
produce high energy “knock-on” deuterons and tritons that are
emitted from the implosion in accordance with Eqs. (2a) and (2b).5

These spectra are ideal for assessing the CR-39 diameter–energy
relationships because they both are continuous over a wide range
of energies.

Additionally, we can investigate the energy range using these
spectra by looking at the track contrast as a function of particle
energy. In this scope, track contrast is defined as the brightness of
the darkest pixel within a track divided by the mean brightness of
the frame that contains it. By this definition, low values of con-
trast are dark and easily detectable, while high values are faint. In
practice, anything with values below 35% contrast is fully detectable
and functional in analyses. Figure 6 shows an example of a CPS2
measurement from the OMEGA Laser Facility.42

Figure 6 shows that both the c-parameter model and the two-
parameter model are able to well describe the deuteron and tri-
ton energy–diameter relationships. This is in agreement with the

FIG. 6. Example CPS data from OMEGA shot 85 490. Fig-
ure 6(a) shows the raw diameter-vs-position contour plots
for the knock-on deuterons and tritons. Figures 6(b) and
6(c) show the data re-binned with respect to the energies
on the detector for the knock-on deuterons and knock-on
tritons, respectively. Figures 6(d) and 6(e) are contour plots
of energy vs track contrast for the deuteron and triton data,
respectively. Note that contrast is defined in such a way that
low values are dark and easily detectable, while high val-
ues are faint. In Figs. 6(a), 6(b), and 6(c), the contour levels
vary from 20% to 100% of the maximum value. In Figs. 6(d)
and 6(e), the contour levels vary from 0% to 100% of the
maximum value. The solid red curve in Figs. 6(b) and 6(c)
are the best fits using the c-parameter model. They use c
parameters of 0.625 and 0.485 and have max diameters of
22.5 μm and 23.5 μm, respectively. Similarly, the dotted red
curve is the best fits using the two-parameter model. They
use k′ values of 0.581 and 0.418 and n′ values of 0.997 and
0.894, respectively. The solid red curve in Figs. 6(d) and
6(e) traces the maximum contour as a function of energy.
The data shown here were etched for τE = 5.0 h.
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simulation results discussed in Sec. III. Also in agreement is the fact
that a low c parameter (<1) is required to describe the deuteron data
and an even lower value is needed to describe the triton data. The fit
values from other data are provided in Table II to demonstrate the
consistency of this observation.

Data shown in Fig. 6 also suggest that the entire knock-on
deuteron and triton spectra (when ranged through 25 μm of Al) fall
below the 35% detectable contrast threshold. Specifically, these mea-
surements confirm that the upper energy bound for 100% detection
efficiency is at least 12.2 MeV for deuterons and 10 MeV for tri-
tons. Note that the scaling derived in Eq. (8) suggests that the upper
energy bound for tritons would be well beyond 10 MeV.

A lower energy bound can also be established from the data pre-
sented in Table II. The energy at which the max diameter occurs is in
the lower energy regime of rapid track contrast fading. This can be
visualized by comparing Figs. 6(b) and 6(c) with Figs. 6(d) and 6(e).
Beyond this point, tracks are rapidly fading or already undetectable,
making it an excellent candidate for the lower energy bound.

The energies in Table II tend to increase with the etch time as
would be expected due to the lower energy tracks being etched out by
the bulk etch wave. They are also fairly consistent between deuterons
and tritons, perhaps due to an inability to resolve the small differ-
ences predicted in Fig. 8. Finally, there are some notable variations
from piece to piece that correlate with the c parameter, meaning that
the actual bound is a function of the intrinsic properties of the CR-
39. For this reason, a great deal of conservatism is recommended
when designing around the lower energy limit of CR-39.

B. Deuteron and proton measurements with WRFs
The WRFs are used to measure charged particle spectra with a

calibrated aluminum wedge filter ranging from ∼100 μm s to ∼2000

μm s in thickness.5,12 Where the particles are detected spatially on
the CR-39 relates to a particular aluminum thickness, which can
ultimately be used to determine the spectrum.

For the purposes of this paper, the WRF data can also be used
to extract the diameter–energy relationship for a particular parti-
cle. When exposed to a mono-energetic source, the CR-39 detector
measures a continuum of energies between zero and some energy
less than the original source. The track diameters vary with the spa-
tial position behind the WRF, and if the source energy is known,
the relationship between the energy and spatial position can be
determined, giving a direct measurement of the diameter–energy
relationship.

Several recent experiments at the NIF and OMEGA have used
DT3He gas fills with a large variety of different objectives. Some of
these experiments fielded WRFs, which measured both the 14.7 MeV
D3He proton line and the 9.5 MeV T3He deuteron line. An example
of this is shown in Fig. 7.

Figure 7 shows that both the c-parameter model and the two-
parameter model are able to well describe both the proton and
deuteron data. Also in agreement is the fact that the c parameter
that best describes the deuteron data is much lower than that of the c
parameter that best describes protons while the two k′ and n′ values
are more similar. A handful of other examples are listed in Table III
that demonstrate the consistency of this observation.

The data in Table III also include the energy at which the max
diameter occurs [E(Dmax)] for deuterons and protons and the energy
at which tracks fade beyond a contrast of 35% (Ec=35%) for protons.
They serve as effective lower and upper energy bounds, respectively.
The lower energy bound for deuterons is in fair agreement with the
CPS data in Table II, and the upper energy bound is beyond what
was measured by the WRFs (8 MeV). For protons, the lower energy
bound is higher on average. The upper energy bound is well below

TABLE II. Diameter–energy model fit values to CPS2 knock-on deuteron and triton data. The data were obtained from different experiments and etched for 2 h, 4 h, and 5 h to
investigate any changes with etch time. The two-parameter model shares similar fit values (k′ and n′) between the deuterons and tritons for a single piece of CR-39. This is
because a majority of the changes in the diameter–energy model is captured by the ratio E/(Z2A). Antithetically, the c-parameter value is always smaller for tritons compared to
deuterons to account for the mass differences. Both models have slight changes with etch time, specifically increases in the n′ and c values. Finally, the energy at which the max
diameter is found increases roughly linearly with etch time. This corresponds to lower energy tracks being etched away with an increased etch time.

Deuterons Tritons

Shot τE (h) k′ n′ c Dmax (μm) E(Dmax) (MeV) k′ n′ c Dmax (μm) E(Dmax) (MeV)

77 351 2.0 0.849 0.806 0.509 8.4 ± 0.5 0.48 ± 0.18 0.914 0.746 0.434 9.0 ± 0.5 0.36 ± 0.18
77 351 4.0 0.866 1.004 0.688 16.0 ± 0.5 0.76 ± 0.10 0.949 0.943 0.558 17.0 ± 0.5 0.75 ± 0.12
77 351 5.0 0.923 1.090 0.795 20.0 ± 0.5 0.78 ± 0.08 1.038 1.077 0.643 21.0 ± 0.5 0.87 ± 0.09

85 485 2.0 0.626 0.867 0.512 9.5 ± 0.5 0.30 ± 0.18 0.674 0.836 0.417 9.9 ± 0.5 0.21 ± 0.21
85 485 4.0 0.610 1.090 0.684 18.5 ± 0.5 0.56 ± 0.10 0.690 0.978 0.531 19.0 ± 0.5 0.51 ± 0.15
85 485 5.0 0.578 1.107 0.661 22.5 ± 0.5 0.72 ± 0.10 0.646 1.037 0.534 23.5 ± 0.5 0.66 ± 0.12

85 488 2.0 0.651 0.830 0.523 9.5 ± 0.5 0.26 ± 0.18 0.689 0.778 0.430 10.0 ± 0.5 0.15 ± 0.18
85 488 4.0 0.612 0.947 0.640 18.5 ± 0.5 0.46 ± 0.10 0.631 0.880 0.474 18.9 ± 0.5 0.48 ± 0.15
85 488 5.0 0.613 1.009 0.634 22.0 ± 0.5 0.70 ± 0.10 0.637 0.868 0.509 23.4 ± 0.5 0.51 ± 0.12

85 490 2.0 0.651 0.779 0.508 9.5 ± 0.5 0.24 ± 0.16 0.638 0.780 0.400 10.0 ± 0.5 0.18 ± 0.18
85 490 4.0 0.618 0.956 0.612 18.0 ± 0.5 0.56 ± 0.12 0.621 0.881 0.471 19.0 ± 0.5 0.48 ± 0.15
85 490 5.0 0.583 0.990 0.628 22.5 ± 0.5 0.62 ± 0.10 0.599 0.891 0.483 23.5 ± 0.5 0.57 ± 0.12
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FIG. 7. Example WRF data from OMEGA shot 92 968. Fig-
ure 7(a) shows the raw track density contours binned with
respect to their positions on the detector (with correspond-
ing Al thicknesses) and track diameters. Figures 7(b) and
7(c) show the data re-binned with respect to the energies
on the detector for the T3He deuterons and D3He pro-
tons, respectively. Figures 7(d) and 7(e) are contour plots
of energy vs track contrast for the deuterons and protons,
respectively. The solid red curves in Figs. 7(b) and 7(c)
are the best fits using the c-parameter model. They use c
parameters of 0.878 and 1.310, respectively. Similarly, the
dashed red curves are the best fits using the two-parameter
model. They use k′ values of 0.809 and 0.655, respec-
tively, and n′ values of 1.103 and 1.403, respectively. The
deuteron and proton lines were 9.547 MeV and 14.673
MeV, respectively, as measured by CPS2. For visualization,
the contours plots in Figs. 7(a), 7(b), and 7(c) are normal-
ized such that the integral over energy is constant for any
diameter. The data shown here were etched for τE = 3.0 h.

TABLE III. Diameter–energy model fit values to WRF T3He deuteron and D3He proton data. The data were taken from different experiments and etched for either 2 h or 3 h.
The c-parameter value is always smaller for deuterons compared to protons to account for the mass differences. Also listed are the energies at which the max diameter occurs
[E(Dmax)] for the deuterons and protons and the energy at which tracks fade above 35% contrast (Ec=35%) for protons. The WRFs did not measure deuterons below 8 MeV,
which is well below their fading point.

Deuterons Protons

Shot τE (h) k′ n′ c Dmax (μm) E(Dmax) (MeV) k′ n′ c Dmax (μm) E(Dmax) (MeV) Ec=35% (MeV)

92 966 2.0 0.868 1.322 0.827 9.2 ± 0.5 0.56 ± 0.10 0.625 1.594 1.324 8.8 ± 0.5 1.02 ± 0.56 4.3
92 968 3.0 0.809 1.103 0.878 14.3 ± 0.5 0.36 ± 0.06 0.655 1.403 1.310 13.0 ± 0.5 0.96 ± 0.52 6.4
92 969 3.0 0.781 1.198 0.891 14.3 ± 0.5 0.42 ± 0.06 0.742 1.423 1.372 13.0 ± 0.5 0.88 ± 0.47 4.4
92 972 3.0 0.671 1.340 0.827 14.3 ± 0.5 0.56 ± 0.08 0.587 1.491 1.299 13.0 ± 0.5 1.08 ± 0.58 5.1
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that of the deuterons as expected and is in moderate agreement with
previous claims.5 As mentioned earlier, a great deal of variability is
observed for both of the energy bounds.

VI. CONCLUSIONS
In this paper, it is shown that the diameter–energy relationship

of both deuterons and tritons can be well described by the well estab-
lished c-parameter model currently used for protons. This implies
that the current established analysis techniques of WRFs and SRFs
can be readily applied to protons, deuterons, and tritons to reliably
infer accurate spectra.

Additionally, it was shown that the c-parameter values that best
describe deuteron and triton data are significantly lower than those
that describe proton data. This is due to the c-parameter model hav-
ing no factor to account for the different masses of these particles.
Current analysis techniques could be improved by taking advan-
tage of this knowledge. For example, if the particle species is known
prior to the analysis, an appropriate c-parameter guess could be gen-
erated to match the species. A species’ exact c-parameter will still
vary between pieces of CR-39, but will generally be similar to the
corresponding values shown in Tables II and III.

Through simulations, it was shown that the c-parameter model
is not expected to capture the behavior of alpha particles very well.
This is thought to be due to higher order charge scaling in the stop-
ping power leading to a fundamental change in the shape of the
diameter–energy relationship. Data are needed to verify this predic-
tion and, perhaps, adjust the model, so that the behavior of Z = 2
particles can be properly captured.

The two-parameter model derived in this work also appears
capable of matching all of the observed data presented within. Its
flexibility also allows it to match the simulated alpha data that could
not be captured by the c-parameter model. In practice, the two-
parameter model is harder to work with due to potential uniqueness
issues in the fitting. For this reason, it is recommended to use the
c-parameter model in any analyses whenever possible.

Data presented in this work also established rough bounds for
the energy range of CR-39. Tracks have contrast below 35% for ener-
gies in the range of 1 MeV–4 MeV for proton data etched between
2 h and 3 h. Deuteron and triton data etched between 2 h and
5 h fell below this contrast limit for energies between 1 MeV and
12.2 MeV and 1–10 MeV, respectively. Contrast fading was not
observed for triton generated tracks, and an upper energy bound is
expected to be well above the 10 MeV limit established here. These
limits will significantly aid in filtering designs for all CR-39 based
diagnostics.
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APPENDIX A: TWO PARAMETER MODEL DERIVATION
The track morphology is ultimately the intersection of the

etched volumes described by the bulk etch and track etch processes.
If one assumes that ∣v⃗T ∣ is constant and parallel to the surface normal
for some etch time of τE, the radius R of any bulk etch sphere with
origin h away from the initial CR-39 surface is given by

R = ∣v⃗B∣τE − hfE, (A1)

where fE is the etch ratio ∣v⃗B∣/∣v⃗T ∣. The intersection of this sphere and
the new surface ∣v⃗B∣τE down from the initial surface is then a circle
with radius

R⊥(h) =
√
(∣v⃗B∣τE − hfE)2 − (h − ∣v⃗B∣τE)2. (A2)

The physical radius is the maximum of this function that
occurs at

argmax R⊥(h) = ∣v⃗B∣τE
1

fE + 1
. (A3)

Evaluating Eq. (A2) at this height and multiplying by 2 gives the
physical diameter

D = 2∣v⃗B∣τE

¿
ÁÁÀ1 − fE

1 + fE
. (A4)

Taylor expanding Eq. (A4) about fE and dropping all terms of
the second order or higher give the more common form

D = 2∣v⃗B∣τE(1 − ∣v⃗B∣∣v⃗T ∣
). (A5)

Combining Eq. (4) into Eq. (A5) gives

D = 2∣v⃗B∣τE
⎛
⎜⎜⎜
⎝

1 − 1

1 + k( dEdx keV
μm
)
n

⎞
⎟⎟⎟
⎠

, (A6)

which simplifies to

D = 2∣v⃗B∣τE

⎛
⎜⎜⎜⎜
⎝

1

1 + [k( dEdx keV
μm
)
n
]
−1

⎞
⎟⎟⎟⎟
⎠

. (A7)
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Finally, as it was assumed that ∣v⃗T ∣ is constant, the Coulomb
logarithm in dE

dx is also relatively constant. In this case, dE
dx ∝ Z2A/E,

which means

D(E) ∼ 2τE∣v⃗B∣
1 + k′ (EMeV/Z2A)n′

. (A8)

APPENDIX B: c-PARAMETER MODEL
The c-parameter model is an empirical diameter–energy rela-

tionship that depends on one parameter c, as well as the measured
parameter Dmax. It has been created to match a variety of observed
proton data over decades of CR-39 use. These equations are more
practical than the two-parameter model for fitting to data due to the
reduction in free parameters. The c-parameter model is given by the
following equations:

D(E) =
3

∑
i=1

αi exp[−E − 1
βi
], (B1)

i αi βi

1 1.2 0.3
2 11.3 3.0
3 4.8 8.0

Dc =
⎧⎪⎪⎨⎪⎪⎩

20 exp(−c∣log(D/20)∣) D ≤ 20,

40 − 20 exp(−c∣log(D/20)∣) D > 20,
(B2)

Dc =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(20−D)2

20−2D [e
c
2 log[ D2

(20−D)2 ] − 1] + 20 D ≤ 10,

20 − c(20 −D) D ≥ 10,

(B3)

D(Draw,Dmax) = 20( Draw

Dmax
)( 1

1 −MDraw
), (B4)

M = 20 −Dmax

20Dmax
[ 7

10
(1 − Dmax

23
)(1 − f ) +

f
4
], (B5)

f =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0 Dmax < 12.5,
Dmax−12.5

20−12.5 12.5 ≤ Dmax ≤ 20,

1 Dmax > 20.

(B6)

APPENDIX C: MAX DIAMETER DISCUSSION
The c-parameter model depends on the parameter Dmax in

addition to the parameter c. Dmax is a physically motivated metric
that is supposed to be the largest significant diameter observed in the
analysis. Including this parameter plays the role of accounting for τE,
which is explicitly included in the two-parameter model. However,
there are several examples of data where the observed Dmax varies
substantially for the same etch times. These are thought to be due to

FIG. 8. Two-parameter model fits to simulated proton data. Simulated data are
shown as red squares, blue diamonds, and green circles for simulated etch times
of 1 h, 3 h, and 5 h, respectively. The two-parameter fit was performed using an
etch time of 10 h to demonstrate the flexibility of the model when the etch time
is completely unknown. These fits are shows as red, blue, and green dotted lines
for the 1 h, 3 h, and 5 h data, respectively. All of the data are generated using
∣v⃗B∣ = 2.66 μm/h, τE = 5 h, k = 6 × 10−5, and n = 2.76 from Eq. (4) to resemble
typical experimental data. The fits in both Figs. 1(a) and 1(b) use fit values shown
in Table IV.

variations in ∣v⃗B∣ caused either by x-ray exposure23,24 or variations in
etching conditions.

In comparison, the two-parameter model has no such physi-
cally motivated correction factor. The max diameter in that formu-
lation (2∣v⃗B∣τE) is often 30% larger than any diameter that might be
observed due to the assumptions used to derive the model. Varia-
tions in ∣v⃗B∣ cannot be accurately measured, so there is no way to
truly account for it as the c-parameter model does. However, the
increased flexibility of having two parameters enables fitting data
even when the etch time is unknown. In Fig. 8, this is demonstrated
by fitting simulated data using an incorrect value for τE.

Figure 8 shows that the two-parameter model can excellently
match the simulated data even when using an etch time 10 times
higher than that simulated. This means that any small variations
∣v⃗B∣τE can easily be accounted for without the need for an addi-
tional physical measurement. The fit values and their corresponding
χ2 values are shown in Table IV.

TABLE IV. Two-parameter fit values for various simulated and assumed etch times.

τE simulated (h) τE assumed (h) k′ n′ χ2

1.0 1.0 0.894 1.343 0.0206
3.0 3.0 0.829 1.413 0.0701
5.0 5.0 0.769 1.467 0.1981

1.0 10.0 18.82 0.734 0.2039
3.0 10.0 5.156 0.933 0.1493
5.0 10.0 2.489 1.110 0.0269
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APPENDIX D: COMPARISON OF MODELS
It has been shown that both the c-parameter model and the

two-parameter model are able to match data for protons, deuterons,
and tritons. A natural question to ask is how well the two models
match one another. The two-parameter model is more flexible as
demonstrated by its ability to fit simulated alpha data in Fig. 4(a),
so the c-parameter model can be thought of as a special case of the
two parameter model. They both cannot match perfectly as one is
a power-law while the other is governed by exponentials, but their

FIG. 9. Comparison between the c-parameter model (solid red curves) and the two-
parameter model (black dashed curves). The two-parameter model parameters
are chosen to best-fit various c parameters. Models do not perfectly match but
never deviate beyond 1 μm of one another.

FIG. 10. Best fit k′ and n′ values to the c-parameter model for various c parame-
ters. Data point locations represent the best fit values, while the color of the data
point represents the corresponding c parameter. The black dashed curve is an
empirical power-law fit to the relation between k′ and n′.

behavior is quite similar. A detailed comparison of them for various
parameters is shown in Fig. 9.

The two-parameter model can be reduced to a single parame-
ter if the model is restricted to the family of curves that best fit the
c-parameter model. Performing this not only removes uniqueness
concerns but also eliminates the two-parameters model’s ability to
fit to simulated alpha data. The relation between k′ and n′ for this
restricted set of curves is shown in Fig. 10. The empirical fit to this
relation is

n′ =
⎧⎪⎪⎨⎪⎪⎩

1.468 − 0.01376(k′)−3.847 k < 0.4807,

1.447 − 0.03441(k′)−2.233 k ≥ 0.4807.
(D1)
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